Abstract. Let I be a homogeneous ideal of a Noetherian standard graded algebra A over an Artinian ring A 0 , and let M be a finitely generated graded A-module. It is shown that the regularity index of the Hilbert function of I n M is a linear function of n for all n large enough.
Introduction
Throughout this paper we assume that A is a Noetherian standard graded algebra over an Artinian ring A 0 . For a finitely generated Let I be a homogeneous ideal of A. In this paper, we are interested in the following problem posed in [3] : is ri(I n M ) a linear function of n for all n 0? This problem comes from the asymptotic behaviour of the so-called Castelnuovo-Mumford regularity reg(I n M ). It was first shown in [2] and [4] for the case M = A being a polynomial ring over a field, and then in [6] for the general case that reg(I n M ) is a linear function of n for all n 0. Since the regularity index ri(I n M ) is less than or equal to the Castelnuovo-Mumford regularity reg(I n M ) + 1, it is bounded by a linear function of n.
L. T. Hoa and E. Hyry showed that ri(I n ) is a linear function of n for all n 0 if I is a polynomial ideal generated in one or two degrees (see [3, Lemma 5 and Theorem 3] ). The coefficient of this function is a generating degree of I. Their method is based on a bigraded free resolution of the Rees algebra R(I) of I. To deal with the general case, they used the Hilbert-Poincaré series of R(I) to translate the above problem to a purely combinatorial problem in polynomials of one variable (see [3] ). Our method here is somewhat different from the suggestion by Hoa and Hyry. We also translate the above problem to a combinatorial problem. In general, instead of studying polynomials of one variable separately as in [3] , we study them together in an interaction with a formal power series in two variables (see Theorem 1) . By this method, we can prove the following main result. 
Main

A combinatorial result
In the paper we make the following convention: The degree of the zero polynomial is −1.
Theorem 1. Given a sequence of polynomials
P 0 (x), P 1 (x), P 2 (x), . . . ∈ Q[x], as- sume that there are a polynomial P (x, y) ∈ Q[x, y] and non-negative integers ν 1 , . . . , ν p , n 1 , . . . , n p such that ∞ n=0 P n (x)y n = P (x, y) (1 − yx ν 1 ) n 1 · · · (1 − yx ν p ) n p . Then deg P n (x) is a linear function of n for all n 0. Moreover, if P (x, y) is not divisible by (1 − yx ν 1 ) n 1 · · · (1 − yx ν p ) n p ,
then the leading coefficient of this function is one of the numbers
Proof. We may assume that ν 1 < ν 2 < · · · < ν p and n i 1 for all i = 1, . . . , p.
In the polynomial ring Q(x)[y] of the variable y over the field Q(x), each polynomial 1 − yx ν i is irreducible and any two polynomials 1 − yx ν i and 1 − yx ν j are coprime for i = j. Therefore, the polynomials Q x,1 (y), Q x,2 (y), . . . , Q x,p (y) are coprime and we can find p polynomials
This implies
we have
Hence, by (1), we get
This gives
Let n 0 = max{m 1 , . . . , m p }. For all n n 0 , the right side of (2) is the value of a polynomial R x,i (y) ∈ Q(x)[y]. This means that
By (3), we then get
There are two cases:
Then P n (x) = 0 for all n n 0 and deg P n (x) = −1 for all n n 0 . This case is equivalent to the condition that P (x, y) is divisible by (1 − yx
Case 2. Not all Q 1 (x, y), . . . , Q p (x, y) are zero. Assume Q t (x, y) = 0 for some t = 1, . . . , p. Let
. By (4) and (6) we then obtain
Proof of the main theorem
In order to apply the result of the previous section we first recall a relationship between the Hilbert-Poincaré series and the regularity index. Let A = A 0 [θ 1 , . . . , θ r ], deg(θ i ) = 1 for all i = 1, . . . , r. Let M be a Z-graded A-module. For an integer j, M (j) denotes the Z-graded A-module with the grading given by M (j) a = M a+j for all a ∈ Z. It is obvious that ri(I n M (j)) = ri(I n M ) − j for all n 0. Shifting M by a suitable integer j, we may assume that M is positively graded, i.e., M a = 0 for all a < 0. It is obvious that all modules I n M are also positively graded. Then, by the Hilbert-Serre theorem, the Hilbert-Poincaré series of M can be written as
If M = 0, we have deg P (x) 0. Now we can prove the main theorem as follows. In order to study the behaviour of ri(I n M ) we use a bigraded structure on the Rees algebra R(I) = n 0 I n defined by R(I) (a,n) = [I n ] a . The Rees module R(I, M) = n 0 I n M is a finitely generated bigraded R(I)-module with R(I, M) (a,n) = [I n M ] a . Assume that I is generated by homogeneous polynomials f 1 , . . . , f s with A 0 [θ 1 , . . . , θ r , f 1 t, . . . , f s t] is a finitely generated bigraded algebra over the Artinian ring A 0 with deg θ i = (1, 0) , for all i = 1, . . . , r and deg f j t = (d j , 1) for all j = 1, . . . , s. Since M is a positively graded A-module, the Rees module R(I, M) is a positively bigraded R(I)-module, i.e., R(I, M) (a,n) = 0 for all a < 0 or n < 0. The multi-graded version of the Hilbert-Serre theorem (see [5, Theorem 2.3] ) says that the Hilbert-Poincaré series of the R(I)-module R(I, M) can be written as
where
Together with (8), we then have the identity
. Proof. The statement (a) is the main theorem in the case M = A. The statement (b) follows from the fact that I n = I n−n 0 I n 0 for some n 0 0 and all n n 0 .
Remark. Let A = K[x 1 , . . . , x r ] be a polynomial ring over a field K. Let M be a finitely generated graded R-module. Assume that M has a minimal graded free resolution: This ideal is generated in r + s + 1 degrees: 2(r + s), . . . , 2(r + s) + s, . . . , 3(r + s). One can show that ri(I n ) = (2r + 3s)n − 1 for all n 1, while there is b ∈ N such that reg(I n ) = 3(r + s)n + b for all n 0.
